Abstract. In this paper, we introduce the concept of sub-strongly maximal triangular algebras which form a large class of maximal triangular algebras, and prove that every algebraic isomorphism of sub-strongly maximal triangular algebras is spatially implemented, which generalizes the result by Ringrose in two respects.
Introduction and preliminaries

Let H be a complex Hilbert space and B(H) the set of all bounded operators on H. Following [5], a subalgebra S of B(H) is called a triangular algebra if D = S ∩ S
* is a maximal abelian self-adjoint subalgebra (masa) of B(H), where S * = {S * | S ∈ S}. D is then called the diagonal of S. A projection on H is said to be a hull of S if it is invariant under S. Clearly each hull lies in the diagonal. By Zorn's Lemma, it is easily seen that every triangular algebra S is contained in a maximal triangular algebra with the same diagonal as S. The set of hulls of a maximal triangular algebra is a nest called the hull nest. A maximal triangular algebra is said to be strongly reducible if its hull nest is maximal.
This paper is devoted to the isomorphisms between maximal triangular algebras. In 1966, J. R. Ringrose [10] proved that if Φ : T → S is an algebraic isomorphism between strongly reducible maximal triangular algebras, which maps the diagonal of T onto the diagonal of S, then Φ is spatial, namely, there is an invertible operator T such that Φ = Ad T . Naturally, one can propose the following questions: 1) Can one remove the condition of preserving diagonals? 2) Can one weaken the condition of strong reducibility? For example, the spatiality of algebraic isomorphisms between nest algebras does not depend on the condition of preserving diagonals. As to question 2), by the definition of strong reducibility, a strongly reducible maximal triangular algebra must have a lot of hulls. But there do exist many triangular algebras which do not have many hulls. In fact, in this paper we introduce a new class of maximal triangular algebras, called sub-strongly reducible maximal triangular algebras, which properly contains the class of strongly reducible maximal triangular algebras, and proved that an algebraical isomorphism between sub-strongly reducible maximal triangular algebras is spatial without the condition of preserving diagonals. Thus we generalized Ringrose's result in two respects. This paper consists of three sections. In Section 2, we will introduce the concept of sub-strong reducibility, and prove that if Φ is an isomorphism from maximal triangular algebra T onto S and S is sub-strongly reducible, then so is T . In Section 3 we will finally prove our main result.
In subsequent sections, isomorphisms always refer to algebraic isomorphisms.
Sub-strongly reducible maximal triangular algebra
Let N be a nest. For N ∈ N, we define N − = {N ∈ N : N < N} and
Definition. Let N be the hull nest of a maximal triangular algebra S. S is a sub-strongly reducible maximal triangular algebra if dim((0)
Recall that a nest N is quasi-maximal if N N − has dimension 0, 1 or infinite for every N ∈ N . Theorem 2 in [2] showed that given a quasi-maximal nest N , one can construct a maximal triangular algebra with hull nest N . Therefore sub-strongly reducible maximal triangular algebras form a large class of maximal triangular algebras. Now we will give elementary properties of isomorphisms of the sub-strongly reducible maximal triangular algebras which are useful for our main result.
Let x and y be non-zero vectors in a Hilbert space H. The rank one operator x ⊗ y is defined by (x ⊗ y)z = (z, y)x for each z in H. Lemma 2.1. Let E be a hull of a maximal triangular T and x and y two non-zero vectors.
(
(2) See the proof of Lemma 5.2 in [10] . Proof. The necessity is obvious. Sufficiency. The proof is a slight modification of the proof of Lemma 2.3 in [10] . We argue by contradiction. Let N be the hull nest of T . Suppose that T in T has rank at least two. 
Lemma 2.2. Let T be a sub-strongly reducible maximal triangular algebra and T an element of T . Then T is a rank one operator if and only if the following condition is satisfied: if
Lemma 2.4. Let T , S be maximal triangular algebras and Φ an isomorphism from
is an order preserving map from the hulls of T onto the hulls of S;
Proof. (1) This follows from part 2 of Lemma 2.9 in [10] .
(2) Let E < F ; then
If P (Φ(E)) > P (Φ(F )), then there is a vector y such that (1 − Φ(F ))Φ(E)y = 0. Then
contradicting (2.1). Thus we obtain P (Φ(E)) < P (Φ(F )).
(3) We distinguish two cases.
Then by (1) we have
which contradicts the definition of P (Φ(E)) − . Thus we are done.
Lemma 2.5. Let T and S be maximal triangular algebras and Φ an isomorphism from T onto S which preserves rank one operators. If E is a hull of T and x ∈ E, y ∈ E ⊥
− with x ⊗ y ∈ T , then there are vectors u and v in H such that u ∈ P (Φ(E)),
Proof. Since Φ preserves rank one operators, there is a rank one operator u ⊗ v ∈ S such that
Now we will show that u and v are desired.
By (2.2) we have that
Thus for any z ∈ F − , we have
By a similar argument we can obtain
Lemma 2.6. Let T and S and Φ be as in Lemma 2.5. IF E is a hull of T and x ∈ E, y ∈ E ⊥ , then there are vectors u and v in H such that u ∈ P (Φ(E)), v ∈ P (Φ(E))
⊥ and Φ(x ⊗ y) = u ⊗ v.
Theorem 2.7. Let T , S be maximal triangular algebras and Φ an isomorphism from T onto S. If S is sub-strongly reducible, so is T .
Proof. Suppose that T is not sub-strongly reducible. Then dim((0) 
Since x 1 and x 2 are linearly independent, u 1 and u 2 are also linearly independent which contradicts the sub-strongly reducibility of S. 
Isomorphisms of sub-strongly reducible maximal triangular algebras
Comparing (3.1) and (3.2), we are done.
By a similar argument as above, we can obtain Lemma 3.2. Let T , S be maximal triangular algebras and Φ an isomorphism from T onto S which preserves rank one operators. Let E be a hull of T . If x i (i = 1, 2) is a non-zero vector in E and y in E ⊥ , then there are vectors u i and v such that
Now our main result is in hand.
Theorem 3.3. Let T , S be maximal triangular algebras and Φ an isomorphism from T onto S. If S is sub-strongly reducible, then Φ is spatial.
Proof. By Theorem 2.7, T is also sub-strongly reducible. By Theorem 2.3, Φ preserves rank one operators. We distinguish two cases.
. Let E be the set of all hulls E of T such that E = (0) and E < H, and let F be the set of those of S. Assume given E ∈ E and a non-zero vector y ∈ E ⊥ . Set F = P (Φ(E)). By Lemmas 2.6 and 3.2, we obtain a bijective map U E from E onto F and vector v in F ⊥ such that for any
(see the proof of Theorem 3.1, [10] for details). Furthermore, we also have a bijective
Now let E be arbitrary. For each E ∈ E, there are bijective maps
for all x ∈ E and y ∈ E ⊥ . Suppose E 1 and E 2 are in E with E 1 < E 2 . Then for each x ∈ E 1 and y ∈ E ⊥ 2 , we obtain
Thus there are non-zero scalars η and ξ with ηξ = 1 such that
Pick up E 0 and replace U E and V E by scalar multiples so that they agree with U E0 and V E0 on their intersection. It follows that there is a map U from {E : E ∈ E} into {F : F ∈ F} defined by U |E = U E for each E. Likewise, there is a map
for every rank one operator in T .
Let K = {E : E ∈ E}; then K is dense in H. Furthermore, for any x ∈ K there is a non-zero vector y such that x ⊗ y ∈ T . Thus for any T ∈ T we have
holds on K for every T ∈ T .
Now it suffices to prove that U is bounded on K. To do this, we need two claims. Claim 1. sup{ U x : x ∈ E and x ≤ 1} = M 1 < ∞. It suffices to prove that U is a closed operator with domain E. Let {x n } ⊂ E and x n → x and U x n → y. For every rank one operator S ∈ S,
Thus SU x n → Sy and SU x n → SU x. Hence we have that SU x = Sy for every rank one operator S ∈ S. Fix u ∈ P (Φ(E)) and v ∈ (P (Φ(E))) ⊥ ; then u ⊗ v ∈ S. Since (u ⊗ v)U = U Φ −1 (u ⊗ v) and U Φ −1 (u ⊗ v) ∈ B(K, H), we have that (u ⊗ v)U ∈ B(K, H). Therefore {(u ⊗ v)U x : x ∈ K, x ≤ 1} is a bounded set; namely the set {(U x, v)u : x ∈ K, x ≤ 1} is bounded for each u ∈ P (Φ(E)) and v ∈ (P (Φ(E))) ⊥ . Hence by the uniform boundedness principle, Claim 2 is established.
Now by Claim 1, we have
and hence by (3.3)
By Claim 2, since Φ(I − P (E)) * v ∈ (P (Φ(P (E)))) ⊥ for each v ∈ H, we have Φ(I − P (E))U x = sup{|(Φ(I − P (E))U x, v)| : v ∈ H and |v| ≤ 1} = sup{|(U x, (Φ(I − P (E))) * v)| : v ∈ H and |v| ≤ 1} ≤ Φ(I − P (E)) M 2 x (x ∈ K).
Thus for x ∈ K we have U x ≤ Φ(P (E))U x + Φ(I − P (E))U x ≤ (M 1 + Φ(I − P (E)) M 2 ) x , that is, U is bounded on K.
